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Abstract
We study the spectrum of the QCD Dirac operator for two colors with fermions in
the fundamental representation and for two or more colors with adjoint fermions. For
Nf flavors, the chiral flavor symmetry of these theories is spontaneously broken according
to SU(2Nf ) → Sp(2Nf) and SU(Nf ) → O(Nf), respectively, rather than the symmetry
breaking pattern SU(Nf) × SU(Nf ) → SU(Nf) for QCD with three or more colors
and fundamental fermions. In this paper we study the Dirac spectrum for the first two
symmetry breaking patterns. Following previous work for the third case we find the Dirac
spectrum in the domain λ ≪ ΛQCD by means of partially quenched chiral perturbation
theory. In particular, this result allows us to calculate the slope of the Dirac spectrum at
λ = 0. We also show that for λ ≪ 1/L2ΛQCD (with L the linear size of the system) the
Dirac spectrum is given by a chiral Random Matrix Theory with the symmetries of the
Dirac operator.
PACS: 11.30.Rd, 12.39.Fe, 12.38.Lg, 71.30.+h
Keywords: QCD Dirac operator; Chiral random matrix theory; Partially quenched chiral
perturbation theory; Microscopic spectral density; Valence quark mass dependence
1. Introduction
Perhaps the most important reason for the current interest in the infrared sector of
the Euclidean Dirac spectrum is its relation with the chiral condensate by means of the
Banks-Casher formula [1]. In this way the properties of the smallest eigenvalues of the
Dirac operator may be related to the mechanisms of chiral symmetry breaking and to
the nature of the chiral phase transition as observed in lattice QCD simulations [2, 3].
However, this is not the only reason for our interest in this part of the Dirac spectrum.
What may be more important ultimately is that it is one of the few examples where exact
nonperturbative analytical results can be derived from QCD.
One of the main objectives of this paper is to study the QCD Dirac spectrum in the
domain λ≪ ΛQCD. In particular we calculate the slope of the Dirac spectrum near λ = 0.
This problem was first addressed in a paper by Smilga and Stern [4]. They studied the
slope of the Dirac spectrum for the case of three or more colors with fermions in the
fundamental representation. In this article we extend previous results [4, 5, 6] to the
case of QCD with two colors and fundamental fermions and QCD with adjoint fermions.
Before discussing our strategy let us first summarize the approach followed by Smilga
and Stern. They studied the scalar susceptibility which, in terms of the spectral density
averaged over the Euclidean QCD action,
ρ(λ) =
∑
k
〈δ(λ− λk)〉, (1)
is given by
Kab = −δab
∫ ∞
0
ρ(λ)(m2 − λ2)
(m2 + λ2)2
dλ. (2)
Their idea was to derive Kab from chiral perturbation theory and invert this relation to
obtain information on the Dirac spectrum. Because of the implicit mass dependence of
ρ(λ) via the fermion determinant in the statistical average over gauge field configurations
such inversion is not possible in general. They found that
Kab ∼ δabN
2
f − 4
Nf
log(m/Λ), (3)
where Λ is the momentum cutoff of the one-loop integral. Their crucial observation was
that the contribution to the integral (2) from the chiral logarithms in ρ(0) cancels because∫ ∞
0
ρ(0)(m2 − λ2)
(m2 + λ2)2
dλ = 0. (4)
Barring any more exotic λ dependence of ρ(λ) such as for example
√
mλ logm, the loga-
rithmic mass dependence of the scalar susceptibility results entirely from the linear term
in ρ(λ).
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However, there is another approach to extract the Dirac spectrum directly from the
low energy effective partition function which does not suffer from the above mentioned
ambiguities in the mass dependence [7, 5, 6]. The starting point of this approach is the
so called partially quenched partition function defined as [8, 9, 10]
Zpq(mv, J) =
∫
[dA]
det( /D +mv + J)
det( /D +mv)
Nf∏
f=1
det( /D +ms) e
−SYM [A] , (5)
where /D is the Euclidean Dirac operator and SYM [A] is the Euclidean Yang-Mills action.
The valence quark mass dependence of the chiral condensate is then given by [11, 7, 12]
Σ(mv) =
1
V
〈∑
k
1
mv + iλk
〉 = 1
V
∂J |J=0 logZpq(mv, J). (6)
The spectral density then follows from the discontinuity across the imaginary axis
ρ(λ)/V =
1
2π
(Σ(iλ + ǫ)− Σ(iλ− ǫ)). (7)
The valence quark mass dependence of the partition function (5) can be obtained
from its corresponding low-energy effective partition function [13, 9, 10, 14] which is
based on the specific pattern of chiral symmetry breaking. In this way it is possible to
extract exact analytical information on the QCD Dirac spectrum in the domain near
zero virtuality. This approach was first followed in [5, 6] for three or more colors with
fundamental fermions where in addition to extending the result of Smilga and Stern we
were able to calculate the spectral density of the Dirac operator on the scale of the smallest
eigenvalues. In this paper we apply this approach to QCD with two colors with fermions
in the fundamental representation and QCD with adjoint fermions.
A much simpler theory with the global symmetries of the QCD partition function
is chiral Random Matrix Theory (chRMT) [15, 16]. In this theory the matrix elements
of the Dirac operator are replaced by Gaussian distributed random variables. It turns
out that this does not affect the pattern of chiral symmetry breaking. The separation
into three different symmetry classes can be related naturally to the Dyson index of the
Dirac operator denoted by the symbol β. Its value is β = 1 for QCD with two colors
and fermions in the fundamental representation, it is β = 2 for QCD with three or more
colors and fermions in the fundamental representation, and it is β = 4 for QCD with
adjoint fermions. The matrix elements of the Dirac matrix of the corresponding chRMT
are real, complex and quaternion real, respectively [16, 56]. Within chRMT it is possible
to obtain exact analytical expressions for the spectral density and all spectral correlation
functions. As we will see in the next paragraph it is possible to establish a domain where
the spectral correlations of the QCD Dirac operator are given by chRMT. Alternatively,
the existence of such domain can be understood by means of universality arguments
[17, 18, 19, 20, 21, 22, 23, 24].
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We can distinguish three important scales in the QCD Dirac spectrum. They are
most conveniently discussed in terms of the the valence quark mass. The first scale is
the smallest nonzero eigenvalue of the Dirac operator which is of the order of the average
level spacing and is given by
λmin ∼ π
Σ0V
, (8)
where Σ0 is the chiral condensate in the chiral limit and V = L
4 is the volume of space-
time. The second scale corresponds to the valence quark mass for which the Compton
wave length of the associated Goldstone boson is equal to the size of the box [7, 25, 5],
mvΣ0
F 2
∼ 1
L2
, (9)
As was argued in [7, 25, 5, 6] the valence quark mass dependence of the chiral condensate
is described by chRMT for
mv ≪ mc = F
2
Σ0L2
. (10)
The spectral density of the Dirac operator, given by the discontinuity of Σ(mv), is therefore
described by chRMT as well in this domain. These results have been confirmed by numer-
ous lattice QCD simulations [26, 7, 27, 28, 29, 30, 31, 32] [33, 34, 35, 36, 37, 38, 39, 40],
instanton liquid simulations [41, 25, 42] and other calculations [43, 44]. For valence quark
masses below this scale the kinetic term in the effective Lagrangian can be ignored. In
[5, 6] it was shown that in this regime the valence quark mass dependence that follows
from partially quenched chiral perturbation theory coincides with the result from chRMT.
The dimensionless ratio of the scales (8) and (10)
mc
λmin
∼ F
2L2
π
(11)
represents the approximate number of eigenvalues that are described by chRMT. A scale
analogous to mc occurs in mesoscopic physics where it is known as the Thouless energy
[45, 46].
Based on the scales
λmin ≪ mc ≪ ΛQCD, (12)
we thus can distinguish four different domains. With names borrowed from mesoscopic
physics, these scales separate the quantum domain, the ergodic domain, the diffusive
domain and the ballistic domain. The valence quark masses can be interpreted in terms
of a conjugate time. Then h¯/mc is the time scale for which a particle diffuses over the
length of the system with diffusion constant given by F 2/Σ0 [47, 25, 48]. For more
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discussion and additional references on impurity scattering in disordered systems and the
Thouless energy we refer to [49, 50, 51].
In the domain of validity for chRMT it is natural to study the spectral density in units
of the average level spacing. The corresponding microscopic spectral density is defined by
[15]
ρs(u) = lim
V→∞
1
ΣV
ρ(
u
ΣV
). (13)
In this paper, we will show by means of a perturbative calculation that in the ergodic
domain the microscopic spectral density that follows from partially quenched chiral per-
turbation theory coincides with the result obtained from the chiral RandomMatrix Theory
in the same universality class. For smaller values of mv the super-integrations have to be
performed exactly. This has been achieved [5, 6] for the case β = 2 which is mathemati-
cally much simpler than the cases β = 1 and β = 4 [49, 52, 53] and complete agreement
with chRMT was found. It would be interesting to perform a similar calculation for the
other two cases as well.
As second important result of this paper is the derivation of the slope of the Dirac
spectrum for QCD with two colors and fundamental fermions and for QCD with adjoint
fermions. We will derive this result in two different ways. First, according to the method of
Smilga and Stern, and second by means of the partially quenched QCD partition function.
We find that both methods agree thereby excluding a more exotic mass dependence of
the spectral density which would be allowed by the Smilga-Stern approach. Our result
for the slope of the Dirac spectrum for Nf massless fermions can be summarized as
ρ′(λ = 0) =
Σ20
16π2F 4
(Nf − 2)(Nf + β)
βNf
, (14)
where Σ0 is the chiral condensate, F is the pion decay constant and β is the Dyson index
of the Dirac operator.
In the next two sections we study the symmetry breaking patterns for β = 1 and
β = 4. The slope of the Dirac spectrum for these two cases is calculated from standard
ChPT in section 4. Partially quenched chiral perturbation theory based on supersymme-
try is constructed in section 5. Within these effective theories we calculate the valence
quark mass dependence of the chiral condensate. The computations for two colors with
fundamental fermions and adjoint fermions are presented separately in sections 6 and 7,
respectively. Some interesting limiting cases and compact expressions for all β are given
in section 8. In section 9 we show that our results agree with chRMT in the ergodic
domain. We also find the Dirac spectral density for larger eigenvalues, in the diffusive
domain, and obtain an expression for its slope. Concluding remarks are made in section
10.
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2. Symmetries of the QCD Partition Function with Two Colors and Funda-
mental Fermions
The QCD partition function for two colors and fundamental fermions is special in
the sense that it is invariant under a larger symmetry group than is the case for more
colors. This well-known fact for QCD with fundamental fermions relies on the pseudo-real
nature of SUC(2) [54, 55, 56], and can be easily generalized to the supersymmetric case
[57] relevant to the partially quenched QCD partition function. The discussion in this
section is mainly included for pedagogical reasons and part of it was already given in
reference [58].
The fermionic action is obtained by writing the determinant in the partition function
as a Gaussian integral over the Grassmann fields φ and φ¯. Using the chiral representation
of the γ matrices with
γµ =
(
0 σˆµ
σˆ+µ 0
)
, (15)
and σˆµ = (1, iσk) with σk the Pauli σ-matrices, the fermionic action can be written as
SF =
∫
d4x
Nf∑
f=1
(
φ¯R
φ¯L
)(
mf σˆµ(∂µ + iAµ)
σˆ+µ (∂µ + iAµ) mf
)(
φR
φL
)
.
(16)
For Nc = 2, we have that A
T
µ = −τ2Aµτ2 (with τ2 = σ2 in color space). Combining this
with the relation σˆ∗µ = σ2σˆµσ2 we find
φ¯fLσˆ
+
µ (∂µ + iAµ)φ
f
R = φ
f
Rσ2τ2σˆµ(∂µ + iAµ)σ2τ2φ¯
f
L, (17)
where we have used that ∂µ is anti-Hermitian and that the fermion fields are anti-
commuting Grassmann variables. The fermionic action can thus be rewritten as
SF (mf = 0) =
∫
d4x
Nf∑
f=1
(
φ¯fR
σ2τ2φ
f
R
)(
σˆµ(∂µ + iAµ) 0
0 σˆµ(∂µ + iAµ)
)(
φfL
σ2τ2φ¯
f
L
)
.
(18)
Obviously the symmetry group is Gl(2Nf). If the number of left-handed modes is not
equal to the number of right-handed modes because of the anomaly, an axial U(1) is
broken explicitly as for three or more colors.
The mass term is given by
Sm =
∫
d4x
Nf∑
f=1
[(
φfL
σ2τ2φ¯
f
L
)(
0 −1
2
mfσ2τ2
1
2
mfσ2τ2 0
)(
φfL
σ2τ2φ¯
f
L
)
+
(
φ¯fR
σ2τ2φ
f
R
)(
0 1
2
mfσ2τ2
−1
2
mfσ2τ2 0
)(
φ¯fR
σ2τ2φ
f
R
)]
. (19)
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Also in this case we expect a maximum spontaneous breaking of chiral symmetry consis-
tent with the Vafa-Witten theorem [59]. This means that only the subgroup of U(2Nf )
that leaves both φ¯RφR and φ¯LφL invariant remains unbroken. Therefore, only the sub-
group that leaves (
φfL
σ¯2τ2φ¯
f
L
)(
0 −σ2τ2
σ2τ2 0
)(
φfL
σ2τ2φ¯
f
L
)
(20)
invariant remains unbroken (φ¯RφR is invariant under the same transformations). This
is the symplectic group Sp(2Nf). The Goldstone manifold is thus given by the coset
SU(2Nf)/Sp(2Nf).
An analogous argument can be made for bosonic quarks. In that case it is essential
to allow only symmetry transformations that leave the integrals in the partition function
(5) convergent. In that case one finds [57] that the chiral symmetry is broken according
to Gl(2, R)→ O(2).
The symmetries of the partially quenched partition function for two colors with fun-
damental matter fields can be obtained along similar lines. One easily convinces oneself
that the symmetry of the Lagrangian is enhanced to Gl(2Nf + 2|2) from the usual group
Gl(Nf + 1|1) × Gl(Nf + 1|1) for more than two colors. For convergence reasons the
symmetry group has to be restricted to a non-compact group Gl(2, R) for the bosonic
quarks. This symmetry is broken spontaneously by the formation of a chiral conden-
sate in the boson-boson sector and the fermion-fermion sector exactly as discussed above.
The remaining symmetry group combines into the ortho-symplectic graded Lie group
OSp(2Nf + 2|2). The Goldstone manifold is therefore given by [57] the maximum Rie-
mannian submanifold of the coset space Gl(2Nf + 2|2)/OSp(2Nf + 2|2). This results
in a integration domain for the the fermion-fermion block given by the symmetric space
U(2Nf )/Sp(2Nf) and an integration domain for the boson-boson block given by the sym-
metric space Gl(2, R)/O(2).
An explicit parameterization of this Goldstone manifold is given by
V TGV, (21)
where
G =

 0 1Nf+1 0−1Nf+1 0 0
0 0 12

 (22)
and V is parameterized as
V =

 UFF α1 α2β1 a b
β2 c d

 . (23)
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Here, αi and βi are Grassmann variables, UFF is an (2Nf +2)× (2Nf +2) unitary matrix
and a, b, c and d are real numbers.
3. Symmetries of the QCD Partition Function for Adjoint Fermions
For QCD with fermions in the adjoint representation the Dirac operator is given by
/D = γµ∂µ + f
abcγµAaµ, (24)
where the fabc denote the structure constants of the gauge group. In this case, the operator
γ2γ4( /D +m) is antisymmetric and therefore the square root of the fermion determinant
can be represented as a Grassmann integral [60] in the following way
det1/2(γ2γ4(D +m)) =∫
dψRdψL exp
[(
ψfR
ψfL
)
γ2γ4
(
m σµ(∂µ + f
abcγAaµ)
σ+µ (∂µ + f
abcγAaµ) m
)(
ψfR
ψfL
)]
(25)
For simplicity we will consider only even Nf . The flavor symmetry group is SU(Nf ) which
acts on the Majorana fields as(
ψR
ψL
)
→
(
U 0
0 U−1
)(
ψR
ψL
)
. (26)
This symmetry is broken by the chiral condensate which, with maximum breaking of
chiral symmetry consistent with the Vafa-Witten theorem, is given by (the color index is
denoted by i and the spinor index by α)
Σ0 =
2
Nf
Nf∑
f=1
〈ǫαβ(ψfRα iψfR β i + ψfLα iψfLβ i)〉, (27)
and is invariant under an O(Nf) subgroup of SU(Nf ). The Goldstone manifold in this
case is thus given by SU(Nf )/O(Nf).
The square root of an anti-symmetric matrix cannot be represented as an integral
over real bosonic variables. Therefore, the above construction fails for bosonic quarks.
However, it is possible to represent the inverse determinant as an integral over complex
variables. If we use that
φ¯Lσˆ
+
µ (∂µ + f
abcγµAaµ)φR = (σ2φR)σˆµ(∂µ + f
abcγµAaµ)σ2φ¯L, (28)
we observe that the flavor symmetry group of the bosonic quarks is doubled. In this case
it turns out [57] that the chiral symmetry is broken according to U∗(2, R)→ Sp(2).
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The symmetry group of the partially quenched Lagrangian for matter fields in the
adjoint representation is Gl(Nf + 2|2). Because of convergence reasons only a U∗(2, R)
subgroup of the boson-boson block of Gl(Nf+2|2) is a symmetry of the partition function.
This symmetry is broken by the formation of a chiral condensate. With maximum break-
ing of chiral symmetry consistent with the Vafa-Witten theorem only an OSp(2|Nf + 2)
subgroup remains unbroken. The Goldstone manifold is then given by the maximum Rie-
mannian submanifold [57] of the coset space Gl(Nf + 2|2)/OSp(2|Nf + 2) with fermion-
fermion integration domain given by U(Nf + 2)/O(Nf + 2) and boson-boson integration
domain equal to U∗(2, R)/Sp(2).
An explicit representation of this manifold is given by
U = V TGAV, (29)
where
GA =

 1Nf+2 0 00 0 1
0 −1 0

 (30)
and an explicit parameterization of V is given by
V =

 UFF α1 α2β1 a b
β2 c d

 , (31)
where UFF is an (Nf + 2)× (Nf + 2) unitary matrix, αi and βi are Grassmann variables
and a, b, c and d are real numbers.
4. The Scalar Susceptibility in ChPT
In this section we compute the scalar susceptibility according to standard ChPT with
Nf sea quarks and no valence quarks. The scalar susceptibility is defined by
Kab = −
∫
d4xd4yTrta〈x| 1
/D +m
|y〉tb〈y| 1
/D +m
|x〉. (32)
For equal quark masses, the Dirac operator is flavor diagonal. Replacing the spatial
integrals by a sum over the Dirac spectrum, we obtain
Kab = −δab
2
∑
k
1
(iλk +m)2
. (33)
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By introducing the isovector scalar source term saq¯taq the scalar susceptibility can
be expressed in terms of a derivative of the QCD partition function (notice that the
disconnected contribution vanishes in this case)
Kab = ∂sa∂sb logZ. (34)
Alternatively, the low-energy limit of the scalar susceptibility can be obtained from
the effective chiral partition function. To lowest order in the momenta and the quark
masses this partition function is determined uniquely by the pattern of chiral symmetry
breaking [61, 62]
∫
U∈G/H
dUe
−
∫
d4x
[
F2
β
4
Tr(∂µU∂µU−1)−
Σ0
2
Tr(Mˆβ(U+U
−1))
]
(35)
The mass matrix also includes an isovector scalar source term. In all three cases, the
matrix U is parametrized as
U = ei2piaT
a/Fβ , (36)
where the sum is over the generators T a of the coset (notice that in this representation
the mass matrix is diagonal for all three cases). The pion decay constant Fβ is chosen
such that we have the standard Gell-Mann-Oakes-Renner relation for all three cases with
the convention TrT aT b = δab/2. For the three cases under consideration the appropriate
parameters are given in Table 1.
Table 1: The mass matrix and the pion decay constant for the three different patterns of chiral
symmetry breaking.
G/H Mˆβ Fβ β
SU(Nf ) m1Nf + sat
a F 2
SU(2Nf )/Sp(2Nf)

 (m1Nf + sata)/2 0
0 (m1Nf + sat
a T )/2

 F/√2 1
SU(Nf)/O(Nf) (m1Nf + sat
a)/2 F/
√
2 4
To second order in the π fields we find
1
2
(U + U−1) = 1− 2
F 2β
πkπlT
kT l. (37)
By differentiating the partition function with respect to the scalar source terms and
calculating the loop integral we obtain
Kab =
4Σ2
F 4
Tr(taT kT l)Tr(tbTmT n)〈
∫
d4xd4yπk(x)πl(x)πm(y)πn(y)〉1−loop
=
Σ2
16π2F 4
Tr(ta{T k, T l})Tr(tb{T k, T l}) log(Λ/m). (38)
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The only nontrivial task is to calculate the sum
Q(β) =
1
4
Tr(ta{T k, T l})Tr(tb{T k, T l}) (39)
Let us first consider the case β = 2. We already have seen that Kab is diagonal in isospin
space. For the generators ta and tb we conveniently choose
ta = tb =
1
2
(δi1δj1 − δi2δj2). (40)
The remaining diagonal generators are chosen as (consistent with the relation Tr tktl =
1
2
δkl),
diag(tnD) = (1, · · · , 1︸ ︷︷ ︸
n
,−n, 0, · · · , 0︸ ︷︷ ︸
Nf−n−1
)/
√
2(n2 + n), (41)
whereas the off-diagonal generators are given by
tklA = i(δikδjl − δjkδil)/2, (42)
and
tklS = (δikδjl + δjkδil)/2, (43)
Notice that for β = 2 we do not distinguish between T a and ta. For the sum Q(2) we thus
obtain
Q(2) =
1
4
Nf−1∑
n=2
1
n(n + 1)
+
1
16
(Nf − 2) = 1
16
N2f − 4
Nf
, (44)
where the first term in this equation is due to the diagonal generators and the second
term of this equation is due to the off-diagonal generators.
As usual the case of β = 2 is the simplest case. The next simplest case is β = 4 with
coset space given by SU(Nf)/O(Nf). In the sum (44) the same diagonal generators enter
as in the case of β = 2. However, only the symmetric off-diagonal generators contribute to
this sum in this case, so that the contribution from the off-diagonal generators is exactly
half of what it was for β = 2. This results in
Q(4) =
1
4
Nf−1∑
n=2
1
n(n + 1)
+
1
32
(Nf − 2) = 1
32
(Nf + 4)(Nf − 2)
Nf
. (45)
Finally we consider the case β = 1. In this case the generators of the coset have the
structure [54]
T k =
(
A B
B† AT
)
, (46)
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where A is a Hermitian traceless matrix and BT = −B (both are Nf × Nf matrices).
The sum over the generators is again calculated by distinguishing the diagonal generators
from the off-diagonal generators. The diagonal generators are given by
T aD =
1√
2
(
taD 0
0 taD
)
, (47)
where the taD are defined in (41). In order to satisfy the symmetry requirements, the
off-diagonal generators have four nonzero entries in this case. Adding up all contributions
we find
Q(1) = 18
Nf − 2
Nf
+
1
8
(Nf − 2) = 1
8
(Nf − 2)(Nf + 1)
Nf
(48)
where the first term is the contribution from the diagonal generators and the second term
is the contribution from the off-diagonal generators.
Our final result for Kab can be summarized as
Kab = − Σ
2
32π2F 4
(Nf − 2)(Nf + β)
βNf
log(m/Λ). (49)
With the same assumption for the λ and m dependence of the spectral density as in [4]
we find that the slope of the Dirac spectrum at the origin is given by
ρ′(0) =
Σ2
16π2F 4
(Nf − 2)(Nf + β)
βNf
. (50)
The slope vanishes forNf = 2 for all three values of β. This is in agreement with instanton
simulations [41] performed for the cases of β = 1 and β = 2.
5. Partially Quenched Chiral Perturbation Theory
The physics of QCD at low energies is completely determined by the spontaneous
symmetry breaking pattern described above [61, 62, 63, 64]. In general, the effective
Lagrangian of partially quenched QCD is based on the spontaneous chiral symmetry
breaking pattern of the graded Lie-groups G→ H . The Goldstone fields are given by
U = exp(i2Φ/Fβ), (51)
where Fβ is the pion decay constant and Φ = φaT
a with T a the generators of the maximum
Riemannian submanifold of G/H (notice that in this representation the mass matrix is
diagonal for all three cases). We use the normalization StrT aT b = 1
2
δab. To lowest order
12
in the momenta and the quark masses, the Euclidean effective Lagrangian is obtained in
the very same way as in Chiral Perturbation Theory [61, 62, 13, 9]. This results in
Leff =
F 2β
4
Str(∂µU∂µU
−1)− Σ0
2
Str(Mˆβ(U + U−1)) +m20Φ20 + α∂µΦ0∂µΦ0. (52)
The last two terms in (52) represent the mass and kinetic terms of the super-η′ flavor-
singlet field Φ0 = Str(Φ). They are introduced for the same symmetry reasons as in the
three-color case [13, 9]. Below we are only interested in the case that m0 ∼ ΛQCD. In
that case the term proportional to α is sub-leading, and it will be ignored from now on.
The effective partition function is given by
Zeff =
∫
U∈G/H
dUe−
∫
d4xLeff , (53)
where the coset, the mass matrix and the pion decay constant for the three values of β
are given in the table below.
Table 2: The mass matrix and the pion decay constant for the three different patterns of chiral
symmetry breaking for the partially quenched effective partition function.
G/H Mˆβ Fβ β
Gl(Nf + 1|1) Mˆ =

 M2 0
0 mv

 F 2
Gl(2Nf + 2|2)/OSp(2Nf + 2|2) Mˆ =


M1/2 0 0 0
0 M1/2 0 0
0 0 mv/2 0
0 0 0 mv/2

 F/
√
2 1
Gl(Nf + 2|2)/OSp(2|Nf + 2) Mˆ =


M4/2 0 0
0 mv/2 0
0 0 mv/2

 F/√2 4
The mass matrix in the fermion-fermion block of the mass matrix Mβ is given by
M2 = diag(ms, . . . , ms︸ ︷︷ ︸
Nf
, mv + J), (54)
M1 = diag(ms, . . . , ms︸ ︷︷ ︸
Nf
, mv + J), (55)
M4 = diag(ms, . . . , ms︸ ︷︷ ︸
Nf
, mv + J,mv + J). (56)
For the zero momentum component of the flavor singlet mass term, the same physical
interpretation as in the three-color case holds [5]:
〈ν2〉 = F
2
βm
2
0V
2
. (57)
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The factors in front of the first two terms in the effective Lagrangian (52) have been
chosen such that the Goldstone fields are normalized in the usual way. The masses of the
Goldstone bosons are given by the usual Gell-Mann-Oakes-Renner relation
M2ij = (mi +mj) Σ0/F
2. (58)
with quark condensate in the chiral limit denoted by Σ0.
In the case of chiral perturbation theory for QCD it is possible to distinguish a domain
where the partition function factorizes in a piece dominated by the zero momentum modes
and a factor involving the nonzero momentum modes [63, 64]. The same is true for the
partially quenched chiral Lagrangian. For valence quark masses below the Thouless energy
given by [7, 25, 5]
mc ∼ F
2
Σ0L2
, (59)
the fluctuations of the zero modes in the the effective partition function dominate the
fluctuations of the nonzero momentum modes. Then the integral over the zero momentum
modes factorizes from the partition function and the calculation of Σ(mv) is reduced to a
group integral. This integral has been calculated explicitly for β = 2 with the result that
Σ(mv) is in complete agreement with chiral Random Matrix Theory.
6. Calculation of Σ(mv) for β = 1
From a computational point of view, two-color pqChPT is not very different from
three-color pqChPT [9]. To perform a calculation to one-loop order one has to construct
the meson propagator. The effective Lagrangian discussed in previous section is based on
the symmetric super-space Gl(2Nf + 2|2)/OSp(2Nf + 2|2). An explicit representation of
Φ in (51) in terms of a (2Nf + 4)× (2Nf + 4) matrix field is given by
Φ =


φ ψ ηv/2 ηw/2
ψ† φT χv/2 χw/2
χv/2 −ηv/2 iφ˜v/
√
2 iφ˜vw/2
χw/2 −ηw/2 iφ˜vw/2 iφ˜w/
√
2

 , (60)
where the (Nf+1)×(Nf+1) ordinary matrices φ = φ† and ψ = −ψT contain the ordinary
mesons made of quark and anti-quarks, the Nf + 1-vectors χv, χw, ηv and ηw represent
the fermionic mesons consisting of a ghost quark and an ordinary anti-quark, and finally
the real fields φ˜v, φ˜w and φ˜vw are the mesons with two ghost quarks. With the proper
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normalization of the fields the Hermitian matrix field φ is given by
φ =


φ1,1/2 · · · φ1,Nf+1/2
√
2
...
. . .
...
φ∗1,Nf+1/2
√
2 · · · φNf+1,Nf+1/2

 , (61)
and the anti-symmetric matrix ψ is given by
ψ =


0 ψ1,2/2
√
2 · · · ψ1,Nf+1/2
√
2
−ψ1,2/2
√
2
. . .
...
...
ψNf ,Nf+1/2
√
2
−ψ1,Nf+1/2
√
2 · · · −ψNf ,Nf+1/2
√
2 0


. (62)
To second order in the pion fields there is no mixing between the off-diagonal Goldstone
modes. However, because of the term Str2Φ, the situation is more complicated for the
diagonal Goldstone modes. The propagator of these modes is obtained by inverting the
quadratic form in the effective Lagrangian obtained by expanding the U fields up to second
order. The mixing matrix of the diagonal mesons is given by
M (1) =


2 · · · 2 −i√2 −i√2
...
...
...
...
2 · · · 2 −i√2 −i√2
−i√2 · · · −i√2 −1 −1
−i√2 · · · −i√2 −1 −1


(63)
The propagator of the diagonal mesons is thus given by
G(1)(p2) = (Γ +m20M
(1))−1, (64)
where Γ is diagonal with
Γii =

 p
2 +M2ss for 1 ≤ i ≤ Nf ,
p2 +M2vv for Nf + 1 ≤ i ≤ Nf + 3,
(65)
The matrix Γ+M (1) can be inverted by expansion in a power series in Γ−1M (1) and using
the relation that
(Γ−1M (1))2 = 2Nf(p
2 +M2ss)
−1Γ−1M (1). (66)
By re-summing the geometric series we obtain
G(1)(p2) =
1
Γ
− 1
(p2 +M2ss)
−1 + 2Nfm20
m20
1
Γ
M (1)
1
Γ
. (67)
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Below, we only need this propagator at the origin for 1 ≤ i ≤ Nf + 1 which is given by
G
(1)
ii =
1
V
∑
p
[
1
p2 +M2ii
− 2m
2
0 (p
2 +M2ss)
(p2 +M2ii)
2 (p2 +M2ss + 2Nfm
2
0)
]
. (68)
The quenched limit is obtained in the limit of infinite sea quark masses at fixed values
of m0 and mv. Standard ChPT power counting rules are recovered when the super-η
′
decouples, that is when the singlet mass m0 is sent to infinity. It is easy to check that in
this case the propagator (68) in the sea quark sector is just the standard propagator in
a quark basis with the singlet channel projected out. Finally, if both the valence and sea
quark masses are set equal, we recover the standard result for two-color ChPT.
The valence quark mass dependence of the chiral condensate is computed as in the
three color case [10, 5]. Since we are mainly interested in the non-analytic valence quark
mass dependence of the chiral condensate, we will perform a one-loop computation, and
we will ignore the analytic corrections coming from the O(p4) effective Lagrangian.
The usual tadpole diagrams have to be evaluated. At finite volume, the pion propa-
gator at the origin is
∆(M2) =
1
V
∑
p
1
p2 +M2
, (69)
where the sum is over the momenta in the box. In the thermodynamic limit the sum can
be replaced by an integral resulting in (in four Euclidean dimensions)
∆(M2) =
1
16π2
M2ln
M2
Λ2
, (70)
where Λ is the cutoff.
It is now straightforward to calculate the valence quark mass dependence of the chiral
condensate. Collecting the different contributions we find
Σ(1)(mv) = Σ0
[
1− 1
F 2
{
2Nf∆(M
2
vs) +G
(1)
vv − 2∆(M2vv)
}]
= Σ0
[
1− 1
NfF 2
{
2N2f∆(M
2
vs)− (Nf + 1)∆(M2vv)
+(M2ss −M2vv)∂M2vv∆(M2vv)
}]
. (71)
The first term in the first equation is due to the off-diagonal mesons consisting out of a
valence quark and a sea quark, the second term is due to the diagonal meson consisting
out of two valence quarks, and the last term is due to mesons consisting out of a bosonic
and a fermionic quarks. As usual there is an additional minus sign for fermionic meson
loops.
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7. Calculation of Σ(mv) for β = 4
For fermions in the adjoint representation the Goldstone manifold is determined by
the pattern of chiral symmetry breaking according to
Gl(Nf + 2|2)→ OSp(2|Nf + 2). (72)
The Goldstone manifold is given by the maximum Riemannian submanifold of Gl(Nf +
2|2)/OSp(2|Nf+2). The effective Lagrangian has exactly the same structure as for β = 1,
but in this case an explicit representation of the Goldstone modes is given by
Φ =


A1,1/
√
2 · · · A1,Nf+2/2 α1/2 β1/2
...
. . .
...
...
...
A1,Nf+2/2 · · · ANf+2,Nf+2/
√
2 αNf+2/2 βNf+2/2
β1/2 · · · βNf+2/2 iφ1/2 0
−α1/2 · · · −αNf+2/2 0 iφ1/2


. (73)
Here, A is a real symmetric matrix, φ1 is a real variable and the αk and βk are Grassmann
variables.
In order to do a one-loop calculation we need an explicit expression for the pion
propagator. Because of the singlet mass term the inversion of the quadratic form involving
the diagonal mesons is nontrivial. The propagator of the diagonal mesons is given by
G(4)(p2) = (Γ +m20M
(4))−1, (74)
where the mixing matrix is given by
M (4) =


1 · · · 1 −i√2
...
...
...
1 · · · 1 −i√2
−i√2 · · · −i√2 −2


(75)
and Γ is diagonal with
Γii =

 p
2 +M2ss for 1 ≤ i ≤ Nf ,
p2 +M2vv for Nf + 1 ≤ i ≤ Nf + 3.
(76)
The inverse in (74) can be calculated simply by expanding the expression as a geometric
series in Γ−1M (4). If we use the relation
(Γ−1M (4))2 = Nf
1
p2 +M2ss
Γ−1M (4) (77)
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the geometric series can be resummed as
G(4)(p2) =
1
Γ
− 1
1 + (p2 +M2ss)
−1Nfm20
m20
1
Γ
M (4)
1
Γ
. (78)
Below we only need the first Nf + 2 diagonal elements of the propagator matrix at the
origin. They are given by
G
(4)
ii =
1
V
∑
p
[
1
p2 +M2ii
− m
2
0(p
2 +M2ss)
(p2 +M2ii)
2(p2 +M2ss +Nfm
2
0)
]
. (79)
The calculation of the valence quark mass dependence of the chiral condensate proceeds
in exactly the same way as for β = 1. As final answer we find
Σ(4)(mv) = Σ0
[
1− 1
2F 2
{
Nf∆(M
2
sv) + 2G
(4)
vv −∆(M2vv)
}]
. (80)
8. Valence Quark Mass Dependence of the Chiral Condensate and the Dyson
Index
Before studying the valence quark mass dependence of the chiral condensate in five
different limiting cases we write Σ(mv) as a single formula valid for all three different
values of β.
The result for the valence quark mass dependence of the chiral condensate for gauge
fields in the fundamental representation and three or more colors was obtained previously
[10, 5]. In our present notation the result can be rewritten as
Σ(2)(mv) = Σ0
[
1− 1
F 2
{
Nf∆(M
2
sv) +G
(2)
vv −∆(M2vv)
}]
, (81)
where G(2)vv = G
(4)
vv . With Dyson index β of the Dirac operator equal to β = 1 for QCD
with two colors and fermions in the fundamental representation, β = 2 for three or more
colors and fermions in the fundamental representation, and β = 4 for two or more colors
in the adjoint representation, the result for the three different cases considered above can
be written as
Σ(β)(mv) = Σ0
[
1− 1
F 2
{
2Nf
β
∆(M2sv) +G
(β)
vv −
2
β
∆(M2vv)
}]
. (82)
The diagonal propagator at the origin is given by
G(β)vv =
1
V
∑
p
[
1
p2 +M2vv
− (1 + δβ,1)m
2
0(p
2 +M2ss)
(p2 +M2ii)(p
2 +M2ss +Nf (1 + δβ,1)m
2
0)
]
. (83)
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Notice that this propagator becomes independent of β in the limit m0 → ∞ when the
usual ChPT counting rules prevail. Previously, a similar unified description was obtained
for sum-rules for the inverse eigenvalues of the Dirac operator [16, 56]. Below we will
discuss five limiting cases for Σ(mv) obtained in (82).
i) In the limit mv = ms ≪ m0 we should recover the mass dependence of the chiral
condensate in standard chiral perturbation theory. In this case with Mvv = Mss = M ,
the diagonal propagator reduces to
G(β)vv =
Nf − 1
Nf
∆(M2), (84)
and the expression for Σ(mv) can be written as
Σ(β)(mv) = Σ0
[
1− 1
F 2
(Nf − 1)(1 + 2Nf/β)
Nf
∆(M2)
]
. (85)
We observe that for Nf = 1 the result is independent of the Dyson index β. Indeed, in
this case the only axial symmetry is broken explicitly by the anomaly for all three values
of β. The factor (Nf − 1)(1 + 2Nf/β) exactly counts the number of Goldstone bosons
which is equal to the number of generators of SU(2Nf )/Sp(2Nf) for β = 1, the number
of generators of SU(Nf ) for β = 2, and the number of generators of SU(Nf )/O(Nf) for
β = 4.
ii) Next we consider the case that both mv ≪ m0 and ms ≪ m0. In this case the diagonal
propagator is given by
G(β)vv =
Nf − 1
Nf
∆(M2vv)−
1
Nf
M2vv∂M2vv∆(M
2
vv). (86)
This results in the valence quark mass dependence
Σ(mv) = Σ0
[
1− 1
F 2
{
2Nf
β
∆(M2vs) + (
Nf − 1
Nf
− 2
β
)∆(M2vv) +
1
Nf
(M2ss −M2vv)∂M2vv∆(M2vv)
}]
.
(87)
In the thermodynamic limit, the singular part of Σ(Mv) is then given by
Σ(mv) = Σ0
[
1− Σ0
8π2NfF 4
{
N2f
β
(mv +ms) log
mv +ms
2µ
+
(
ms + (Nf (1− 2
β
)− 2)mv
)
log
mv
µ
}]
,
(88)
where µ = Λ2F 2/2Σ0. In the limit of ms → 0 this result simplifies to
Σ(mv) = Σ0
[
1− Σ0
8π2NfβF 4
(Nf − 2)(Nf + β)mv log mv
µ
]
. (89)
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iii) In the range λmin ≪ mv ≪ 1/L2ΛQCD ≪ m0, and ms ≪ mv the propagator at the
origin (68) is dominated by the zero-momentum mode [63, 65, 5, 6] resulting in
∆(M2vv) ∼
1
M2vvV
. (90)
The valence quark mass dependence of the chiral condensate in the limit ms ≪ mv then
reduces to
Σv ∼ Σ0
[
1− (2Nf
β
+
1
2
− 1
β
)
1
mvV Σ0
]
. (91)
iv) Next we consider the quenched limit which is obtained for ms ≫ mv and ms ≫ m0.
In this case the diagonal propagator at the origin is given by
G(β)vv =
1
V
∑
p
[
1
p2 +M2vv
− (1 + δβ,1)m
2
0
(p2 +M2vv)
2
]
. (92)
This results in the valence quark mass dependence
Σ(mv) = Σ0
[
1− 1
F 2
{
(1− 2/β)∆(M2vv) + (1 + δβ,1)m20∂M2vv∆(M2vv)
}]
∼ Σ0
[
1− 1
16π2F 2
(1 + δβ,1)m
2
0 log
mv
µ
]
+O(mv). (93)
where we have only quoted the infrared singular terms. We find that the chiral condensate
diverges for mv → 0.
In the domain mv ≪ ms the expression (88) is identical to the quenched result (93)
provided (1 + δβ,1)m
2
0 = M
2
ss/Nf . This is in accordance with the Ward identity relating
the sea quark mass and the topological susceptibility 〈ν2〉 = F 2βM2ssV/2Nf(1 + δβ,1) [66],
and the relation (57).
v) In lattice QCD with staggered fermions the Lagrangian does not possess the axial
U(1) symmetry at finite lattice spacing (although it should be recovered in the continuum
limit). A detailed discussion of quenched lattice simulations for the valence quark mass
dependence of the chiral condensate in this case was given in [67]. The effective partition
function is then given by (53) with an effective Lagrangian without singlet terms. The
diagonal propagator at the origin is thus given by
Gvv =
1
V
∑
p
1
p2 +M2vv
(94)
in the cases i), ii) and iv). In the quenched case, the term ∼ m20 is absent and the O(mv)
terms have to be taken into account. We then find
Σ(mv) = Σ0
[
1− (1− 2/β)Σ0
8π2F 4
mv log
mv
µ
]
. (95)
For β = 2 the coefficient of the chiral logarithm vanishes and higher order corrections
become important [68].
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9. Spectral Density in the Ergodic and Diffusive Domains
In the ergodic regime, for valence quark masses mv ≪ F 2/Σ0L2 the microscopic
spectral density is given by chRMT [7], whereas for ΛQCD ≫ mv ≫ λmin ∼ 1/L4Σ0 the
one-loop calculation of Σ(mv) is valid. In this section we calculate the spectral densities
in each of these domains. We first show that in the ergodic domain the one-loop result
for Σ(mv) coincides with the chRMT result.
The QCD partition function for two colors and fundamental fermions belongs to the
chGOE (β = 1) universality class [16]. In a sector of topological charge |ν| and in the
chiral limit, the result reads [69, 70]:
ρchGOEs (u) =
u
2
[J22Nf+|ν|(u)− J2Nf+|ν|+1(u)J2Nf+|ν|−1(u)]
+
1
2
J2Nf+|ν|(u) [1−
∫ u
0
dtJ2Nf+|ν|(t)]. (96)
The QCD Dirac operator with adjoint fermions belongs to the chGSE (β = 4) univer-
sality class. In this case the microscopic spectral density is given by [71, 70]
ρchGSEs (u) = u[J
2
Nf+2|ν|
(2u)− JNf+2|ν|+1(2u)JNf+2|ν|−1(2u)]
−1
2
J2Nf+2|ν|(2u)
∫ 2u
0
dtJNf+2|ν|(t). (97)
For completeness we also give the microscopic spectral density for the chGUE (β =
2) [72, 41] which describes the Dirac operator of QCD with three or more colors and
fundamental fermions,
ρchGUEs (u) =
u
2
[J2Nf+|ν|(u)− JNf+|ν|+1(u)JNf+|ν|−1(u)].
(98)
The valence quark mass dependence of the chiral condensate in terms of the micro-
scopic variable x = mvV Σ0 is obtained via the relation
Σ(x)
Σ0
=
∫ ∞
0
du
2x
u2 + x2
ρs(u) +
|ν|
x
, (99)
where the last term is the contribution from the exactly zero eigenvalues of the Dirac
operator [22]. In the case of the chGUE this integral can be perform analytically resulting
in
Σ(x)
Σ0
= x[INf+|ν|(x)KNf+|ν|(x) + INf+|ν|+1(x)KNf+|ν|−1(x)] +
|ν|
x
= 1− Nf + |ν|
x
+
|ν|
x
+ · · · = 1− Nf
x
+ · · · . (100)
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The asymptotic result for x≫ 1 for the chGOE and the chGSE can be easily derived using
this result and the asymptotic result of the remaining terms. The leading 1/x correction
can be obtained by expanding before integration. The only additional integral that is
required is ∫ ∞
0
Jµ(x) = 1. (101)
The asymptotic result in terms of the Dyson index is given by
Σv(x)
Σ0
= 1− 4Nf + β − 2
2βx
, (102)
which coincides with the result (91) obtained from chiral perturbation theory. Notice,
that the leading order asymptotic correction is independent of ν. This is no longer true
for higher order corrections and a summation over all ν is required to compare with results
obtained for fixed value of θ (which is zero in our case) [73].
In the diffusive domain, for 1/L2ΛQCD ≪ mv ≪ λQCD the valence quark mass de-
pendence of the chiral condensate is given by the one-loop result (88). The spectral
density is given by the discontinuity of Σ(mv) across the imaginary axis (ρ(λ)/V =
Disc|mv=iλΣ(mv)/2π) [5, 6]. As final result we then find for the spectral density of the
Dirac operator with Nf flavors with quark masses ms ≪ λ≪ ΛQCD
ρ(λ)
V
=
Σ0
π
[
1 +
Σ0
16π2NfF 4
{
2N2f
β
|λ|Arctg |λ|
ms
− (Nf ( 2
β
− 1) + 2)π|λ| (103)
−N
2
f
β
ms log
λ2 +m2s
µ2
− 2ms log |λ|
µ
}]
.
The spectral density has a logarithmic infrared divergence when ms 6= 0. In the limit
ms ≪ λ, the expression (104) reduces to:
ρ(λ)
V
=
Σ0
π
[
1 +
(Nf − 2)(Nf + β)Σ0
16πβNfF 4
|λ|
]
. (104)
The result for the slope for β = 2 was first obtained in [4]. Remarkably, the slope vanishes
for Nf = 2 for three values of β. This is in agreement with instanton liquid simulations
of the QCD Dirac spectrum [41].
In the quenched case, the spectral density is found to be:
ρQ(λ)
V
=
Σ0
π
[
1− (1 + δβ,1)m
2
0
16π2F 2
log
|λ|
µ
]
. (105)
We find a logarithmic divergence of the spectral density for all three values of β. This
result is consistent with quenched instanton liquid and lattice QCD simulations [42, 74].
on liquid simulations and lattice QCD simulations [42, 74]. For staggered fermions away
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from the continuum limit this term has to be modified according to the discussion given
in v) of the previous section. For the spectral density we then find
ρQ(λ)
V
=
Σ0
π
[
1− Σ0
16πF 4
(1− 2
β
)|λ|
]
. (106)
10. Conclusions
We have shown that the infrared limit of the QCD Dirac spectrum is completely
determined by the pattern of chiral symmetry breaking. The spectral density follows
from the low energy effective partition function of the partially quenched QCD partition
function which in addition to the usual quarks contains valence quarks and their bosonic
superpartners. In this paper we have analyzed the case of two colors with fundamental
fermions and the case of fermions in the adjoint representation. In both cases the effective
Lagrangian is based on a Riemannian super-manifold originating from chiral symmetry
breaking to an ortho-symplectic graded Lie Group. As is the case for QCD with three
or more colors with fundamental fermions the Goldstone manifold is characterized by a
symbiosis of compact and noncompact degrees of freedom.
Our one-loop calculation of the valence quark mass dependence of the chiral condensate
for these two chiral symmetry breaking patterns completes an earlier calculation for QCD
with three colors and fundamental fermions [5]. Its discontinuity results in an explicit
expression for the spectral density of the Dirac operator valid for λ≪ ΛQCD. In all three
cases we can distinguish two different domains in the Dirac spectrum which are separated
by the Thouless energy. For valence quark masses below the Thouless energy the kinetic
term decouples from the effective Lagrangian and the the one-loop result for the valence
quark mass dependence of the chiral condensate is in complete agreement with chiral
Random Matrix Theory. Agreement with chiral Random Matrix Theory to all orders has
only been shown for β = 2 by the means of an exact calculation of the superintegrals.
It would be interesting to perform this calculation for the mathematically much more
complicated cases of β = 1 and β = 4 as well. For valence quark masses beyond the
Thouless energy the kinetic term in the partially quenched effective partition function
has to be taken into account. The results for the spectral density in this domain are
consistent with the results for the scalar susceptibility obtained with standard ChPT. In
particular we have obtained an analytical expression for the slope of the Dirac spectrum.
Remarkably, the slope vanishes for two massless flavors in all three cases.
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